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We introduce a method to obtain deformed defects starting from a given scalar field theory which 
possesses defect solutions. The procedure allows the construction of infinitely many new theories 
that support defect solutions, analytically expressed in terms of the defects of the original theory. 
The method is general, valid for both topological and non-topological defects, and we show how it 
extends to quantum mechanics, and how it works when the scalar field couples to fermions. We 
illustrate the general procedure with several examples, which support kink-like or lump-like defects. 
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Defects play important role in modern developments 
of several branches of physics. They may have topolog- 
ical or non-topological profile, and in Field Theory the 
topological defects usually appear in models that support 
spontaneous symmetry breaking, with the best known 
examples being kinks and domain walls, vortices and 
strings, and monopoles Q. Domain walls, for example, 
are used to describe phenomena having rather distinct 
energy scales, as in high energy physics ^ and in con- 
densed matter 

The defects that we investigate in this letter are topo- 
logical or kink-like defects, and nontopological or lump- 
like defects. They appear in models involving a single 
real scalar field, and are characterized by their ampli- 
tude and width, the width being related to the region 
in space where the defect solution appreciably deviates 
from vacuum states of the system. Interesting models 
that support kink-like defects involve polynomial poten- 
tials like the 0^ model, periodic potentials like the sine- 
Gordon model, and even the vacuumless potential re- 
cently considered in [|[ |^. We shall investigate defects 
by examining their solutions and the corresponding en- 
ergy densities, to provide quantitative profile for both 
topological and nontopological defects. 

We introduce a general procedure to create deformed 
defects, starting from a known solvable model in one spa- 
tial dimension. We start with topological defects, and 
we show below that the proposed scheme generates, for 
each given model having topological solutions, infinitely 
many new solvable models possessing deformed topolog- 
ical defects. We examine stability of kink-like defects, to 
extend the procedure to quantum mechanics. We also 
investigate lump-like defects, to generalize the procedure 
to both topological and non-topological defects. Finally, 
we couple the scalar field to fermions, to show how the 
procedure works for the Yukawa coupling. 

The interest in kink-like defects is directly related to 
the role of symmetry restoration in cosmology ^ and 
in condensed matter Also, they are particularly im- 
portant in other scenarios, where they may induce in- 
teresting effects. A significant example concerns the be- 



havior of fermions in the background of kink-like struc- 
tures The main point here is that symmetry break- 
ing induces an effective mass term for fermions. In the 
background of the kink-like structure the fermionic mass 
varies from negative to positive values, and this fraction- 
alizes the fermion number ||^. The topological behavior 
of the kink-like defect is central to fermion number frac- 
tionalization |7|. In the language of condensed matter, 
spontaneous symmetry breaking may be interpreted as 
the opening of a gap, and may be of good use in sev- 
eral situations - see for instance j8[ ||, |l0| and references 
therein for applications. Another possibility concerns the 
role of kink-like defects as seeds for the formation of non- 
topological structures [l2| . This line of investigation 
has been implemented in the case the discrete symmetry 
is changed to an approximate symmetry |l^ , and also 
when the symmetry is biased to make domains of distinct 
but degenerate vacua spring unequally ||l5| . 

In our procedure to create deformed defects, we deform 
the system in a way such that one increases or decreases 
the amplitude and width of the defect, without changing 
the corresponding topological behavior. Within the con- 
densed matter context, one provides a way to increase or 
decrease the mass gap for fermions, introducing an im- 
portant mechanism to tune the gap for practical purpose. 

The interest in lump-like defects renews with the ex- 
pressive number of recent investigations on issues related 
to tachyons in String Theory, since there are scenarios 
where branes may be seen as lump-like defects which en- 
gender tachyonic excitations |l9|, |o[ |2|, 
§,11,11. 

We consider a single real scalar field. The equation of 
motion for static solutions <j) — 4>{x) is given by 



(1) 



Here V — V{(f>) is the potential, and the prime stands 
for derivative with respect to the argument. We search 
for field configurations which "start" in a given mini- 
mum <j) of V{(j)), with zero "velocity", that is, which 
obey the boundary conditions: liuix^-oo (j)ix)—^(t> and 



2 



to get 



, (i^/dx— s-0. Thus, we use the equation of motion 



dx 



(2) 



The energy associated with these solutions are equally 
shared between gradient and potential portions 



E = 2Eg = 



— 2,Ep — 2 



dx I — 

dx 



dxVicj)) 



(3) 
(4) 



We now deal with topological or kink-like defects. In 
this case we consider 



(5) 



where W{(j)) is a smooth function of the field 4>. We 
assume that there exist w^, i = 1, n such that W'{vi) = 
0. These singular points of W{(j)) are absolute minima of 
the potential. In such a large class of models the equation 
of motion becomes (Pcji/dx"^ — W {(l))W" {(p). The energy 
associated to (b(x) can be minimized to 



if the field configuration obeys 



dx 



(6) 



(7) 



Their solutions are named BPS states g^- As we 
know, for kink-like defects the equation of motion ex- 
actly factorizes |^ into the two first-order equations (|^). 
Thus, we can introduce the topological current 



(8) 



which makes the topological charge equal to the energy 
of the topological solution. 

Let us now consider a well-defined bijective function 
/ — /(</*) with non-vanishing derivative. This function al- 
lows introducing a new theory, defined by the /-deformed 
potential 



v[fm 



wvm\ 



(9) 



In this case Vi — f~^{vi), i = 1,2, ...,n are minima, and 
the new theory possesses topological defects which are 
obtained from the solutions (j)± (x) of the previous theory 
through the relation 



(10) 



To prove this statement we notice that the first-order 
equations of the new theory are 



(11) 



Thus, the solutions satisfy /[0±(a;)] = (f>±ix), or better 
'/'±(a;)) = f~^[(l)±ix)], as written in Eq. (|ic|). 

We notice that the deformed defects 0±(x) connect 
minima corresponding to those interpolated by the solu- 
tions 0-1- (x) of the original potential. The energy of the 
deformed defects depends on the deformation one intro- 
duces. It can be written as 



E 



BPS 




dx 



(12) 



We see that for the class of deforming functions /(</>) 
satisfying |/'(0)| > 1 (< 1), the energy is decreased (in- 
creased) relative to the undeformed defect. In particular, 
the deformation /((/>) = r(f> leads to trivial modifications 
of parameters of the potential, decreasing (|r| > 1) or 
increasing (|r| < 1) the energy of the defect. 

At this point, two important remarks are in order: 
firstly, by taking instead of / one defines the inverse 
deformation, that is the /~ ^-deformation of V{(j)) recov- 
ers the potential V{(l)). Secondly, the /- (or the f~^-) 
deformation can be applied repeatedly leading to an in- 
finitely countable number of solvable problems for each 
known potential bearing topological solutions. In fact, 
each pair (V, /) defines a class of solvable problems re- 
lated to each other through repeated applications of the 
/- (or f~^-) deformation prescription. 

We concentrate on investigating stability of de- 
fects. This leads us to quantum mechanics, where the 
Schrodinger-like Hamiltonian has the form 



(13) 



Here the quantum mechanical potential U{x) is given by 



Uix) 



d^Vi^b) 



(14) 



(j>=4>{x) 



where <j){x) is the defect solution under investigation. In 
the case of kink-like defects the potential is written as 
V{4>) = (1/2) [W'{(t>)f, and the Hamiltonian can be fac- 
torized ||2^, |30j as H ~ S, where the first-order oper- 
ator S has the form 



S 



— +u{x) 
dx 



(15) 



and u{x) = d'^W/d(j)^, to be calculated at the kink-like 
solution (f> = (j>{x). We use this to obtain the (bosonic) 
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zero mode in the form 



(16) 



We now use f{(p) to deform the model. The modified 
Hamiltonian can be written as H — S'^S, where S is now 
given hy S — d/dx + u{x), with 

= (17) 

to be calculated at the kink-like solution (f){x). Thus, the 
deformed bosonic zero mode is given by 



(18) 



Let us now consider some examples. Firstly, we con- 
sider /((/>) = sinh0, in which case the /-deformation 
is referred to as the sinh deformation. For this choice, 
equations (||) , ( [l0| ) and ([l^ ) are easily rewritten and one 
sees that the Bogomol'nyi bound is lowered by the de- 
formation. On the other hand, if one considers the in- 
verse deformation, taking /(0) = arcsinhc/), the energy of 
the deformed defects is greater than that of the original 
potential. Specifically, let us discuss the 0^ theory, for 
which the potential is given by V{(t)) — (1/2) (1 — (jp)^ 
(we take the rescaled theory with dimensionless field and 
coordinates). The kink- like topological defects for this 
model are well-known: (j)^^ [x) = ±tanhx (using the 
translation invariance, we fix xa — 0). They have en- 
ergy E^g^ = 4/3, distributed around the origin with den- 
sity eo(a;) = sech^(a;). In quantum mechanics, the related 
problem is described by the modified Posch- Teller poten- 
tial U{x) = 4— 6sech^(x), which supports the normalized 
zero-mode ?7o(a;) — ^3/4 sech^(x) (at zero energy) and 
another bound state, with higher energy. 

The sinh-deformed (f)^ model has potential given by 



V{(t)) = isech20(l - sinh^ 0)^ 



(19) 



for which the deformed defects connecting the minima at 
±arcsinh(l) are 



6« 



(x) — ±arcsinh[tanh(a 



See Fig. [1] for a plot of the topological defects. 
The VF-function for this example is given by 

VK(0) = 4arctan(e'^) - smhcj) 



(20) 



(21) 



The deformed defects ( po|) have energy Eb — (tt — 2), 
which is slightly smaller than the energy of the defects 
of the (j)^ potential. The energy density of the deformed 
defects is given by 



£i{x) 



sech^(x) 
1 + tanh^(x) 



(22) 



which is more concentrated around the origin than the 
related quantity, in the (j) expected. See Fig. [2] 

for a plot of the energy density of the topological defects. 

Consider now the (f)^ potential deformed with f{(t>) — 
arcsinh (p, that is, take the potential 



1/(0) = i(l + (t)"^) (1 - arcsinh^ 



(23) 



This is the potential which, by performing the defor- 
mation with sinh as discussed above, leads to the un- 
deformed 0^ model. The BPS solutions, in this case con- 
necting minima at ± sinh(l), are given by 



'^\x) ~ ±sinh[tanh(x)] 

These are deformed defects; see Fig. [1]. 
The corresponding VK-function is given by 



(24) 



■ arcsinh 



arcsinh^ 



-f i <j)^Jl + (j)^ (1 - 2arcsinh^0) (25) 



The energy of the deformed defects in Eq. ( [24| ) is Eb = 
1.641, which is greater than that for the 0"' model and 
has a broader distribution 



£_i(x) = cosh^(tanha;) sech^(x) 
which is depicted in Fig. [2]. 

<t)(x) 



(26) 



FIG. 1: Plot of the deformed defects. The thick line shows 
the kink of the the model. The other lines show de- 
formed kinks, the dashed-dotted line representing the sinh- 
deformation, and the dotted line the arcsinh-deformation. 

We see that the sinh-deformation diminishes the en- 
ergy of the BPS solutions narrowing its distribution, 
and the arcsinh-deformation operates in opposite direc- 
tion, increasing the energy and spreading its distribution. 
These deformations are smooth deformations, which lead 
to potentials similar to the original potential. They map 
the interval (—00,00) into itself, and their derivatives 
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The equation of motion for 



FIG. 2: Plot of the energy density of the deformed defects. 
The thick line refers to the i^* model. The other lines refer to 
the other cases, as explained in the previous figure. 



have no divergence at any finite 0. They teach 
us how to deform a given defect, changing its parameters 
in the two possible directions, decreasing or increasing 
the amplitude and width of the original defect. Since 
the amplitude and width of the defect are important to 
characterize the defect, the proposed deformations are of 
direct interest to applications involving kinks and walls 
in high energy physics and in condensed matter. 

The recent interest on tachyons ^ |o[ |22[ |2|, 
p^ , p5|] has inspired us to extend the above procedure to 
nontopological or lump-like defects. We see that if 0(a;) 
solves the equation of motion (Q), then <l)(x) — f~^{(f>) 
solves the equation of motion for the deformed model 
with potential V{(l)) = V[f{(j))]/[f{(f))]^. This is always 
true, for solutions that obey the first-order Eqs. (H), with 
energy density equally shared between gradient and po- 
tential portions. 

A model which supports nontopological or lump-like 
solutions is 



It has the solutions 



i>±ix) = ±sech(a;) 



(27) 



(28) 



In quantum mechanics, the related problem has poten- 
tial U (x) = 1 — 6 sech^ (x) . This potential has the same 
form of the the modified Posch- Teller potential [see the 
comments just above Eq. (|l9|)]. However, it plots dif- 
ferently, shifting the values of U {x) in a way such that 
the zero-mode is now identified with the upper bound 
state, making the lower bound state negative, signalling 
for tachyonic excitation. 

We now consider deforming the lump-like solutions 
with sinh(/). We get 



= tanh ( 



( 1 - sinh^ 0-2 tanh^ </>) (30) 



It supports the deformed lump solutions 
— ±arcsinh[sech(a::)] 



(31) 



as we can verify straightforwardly. The deformation pro- 
cess may continue, and may also be done in the reverse 
direction, using arcsinh</). 

Similar investigations apply to other potentials. For 
instance, V{(l)) — 20^(1 — 0) supports the lump-like so- 
lution (fi [x) = sech^ (x) - see Ref. for further details 
on the (j)^ model. We deform the lump-like solution with 
arcsinh(/). We get 

Vi{(t>) = 2(1 -f (/)^)arcsinh^0(l - arcsinh^) 

The deformed lump-like defect is 

0;(.'e) = sinh[sech^(a;)] 



(32) 



(33) 



We can make the model supersymmetric introducing 
appropriate Majorana spinors. In this case, in general 
the Yukawa coupling is controlled by (</>), which has 
the form 



y(0) = i-^wW) 



(34) 



This leads to the usual coupling F((/)) — W"{(t)) when 
the potential is given by 1/(0) = (1/2) [^^'((^!>)]^ which 
is the form one uses to investigate kink- like structures. 
If one uses /(0) to change the model from V{(t>) ~ 
(1/2) [W'{<ly)f to t/(0) = (1/2) [W'{fm/rm\ the 
Yukawa coupling should also change from Y{(f)) — W"{(i>) 
to 



n<i>) n<t>) 



(35) 



The importance of the deformation procedure that we 
have introduced enlarges if one recognizes that it ad- 
mits deformations which lead to very different potentials, 
bearing no similarity to the original potential. Such de- 
formations are different, and may lead to further inter- 
esting situations. For instance, we consider the function 
/(0) = tanh(/). It maps the interval (— cx3,oo) into the 
limited interval (—1, 1), and this allows introducing new 
effects, as we illustrate below. 

We consider the potential 



(36) 



This potential is new. It is unbounded below, containing 
a maximum at = and two inflection points at ±1. In 
this case the modified potential becomes 



■ tanh <t){\ — sinh 



(29) 



1/(0) 



1 



■ sech 



(37) 
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which is the vacuumless potential considered in |^ . In 
Ref. the vacuumless model was shown to support kink- 
like solutions of the BPS type. This result indicates that 
the model (^6|) may also support this kind of solutions. 
Indeed, it is astonishing to see that the potential (^) 
supports the kink-like defects 



VT 



(38) 



which connect the two inflection points of the potential. 
These defects are stable, and they can be seen as defor- 
mations of the defects 



(j){x) — ±arcsinh(a;) 



which appear in the model defined by the potential of 
Eq. (|37|). As far as we know, this is the first example 
where kink-like defects connect two inflection points. In 
the recent Ref. one has found another model, some- 
how similar to the above one, but there the solution con- 
nects a local minimum to a inflection point. 

The solutions (^) are stable, and the Schrodinger-like 
equation that appears in the investigation of stability is 
defined by the Hamiltonian 



H = - 



12 



1/4 



(x2 + 1)2 



(40) 



The potential is a volcano-like potential, which supports 
the zero mode and no other bound state. The (nor- 
malized) wave function of the zero mode is 'r]Q{x) = 
2(2/37r)i/2(x2 + l)-3/2. This should be contrasted with 
the zero mode of the vacuumless potential, which is given 
by §: ?joix) = {l/Tr)^/^{x^ + 1)-^/^. We notice that the 
two zero modes localize very differently in space. 

The present work is of direct interest to investigations 
concerning systems described by two real scalar fields, as 
considered for instance in Refs. |3^. Also, it may be 
of some use in more complex situations, involving three 
or more scalar fields, in scenarios such as the one where 
we deal with the entrapment of planar network of defects 
p^ , or with the presence of non-trivial solutions repre- 
senting orbits that connect vacuum states in the three- 
dimensional configuration space 

The deformation scheme that we have presented may 
also work in other contexts, in particular in the case 
where one couples the scalar field to gravity in higher 
dimensions. We have found interesting investigations in 
Refs. and we are now considering the possi- 

bility of extending the deformation procedure to brane- 
world scenarios. 
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